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Abstract
Within an axiomatic framework, we prove that the existence of faster than light
(FTL) particles is consistent with (does not contradict) the dynamics of Einstein’s
special relativity. The proof goes by constructing a model of relativistic dynamics
where FTL particles can move with arbitrary speeds. To have a complete picture, we
not only construct an appropriate model but explicitly list all the basic assumptions
(axioms) we use.
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1 Introduction
From time to time certain experiments (such as OPERA 2011, MINOS 2007, etc.) appear
suggesting that there may be faster than light (FTL) particles. Almost all of these exper-
iments turned out to be erroneous so far. However, the tendency that these experiments
usually turn out to be erroneous gives us no guarantee that there will be no experiment
in the future justifying the existence of FTL particles. Also Recami’s recent overview [30]
contains some experimental sectors of physics still suggesting the existence of FTL objects.
Anyway, if we have a reliable experiment showing the existence of FTL particles, we
have to rebuild or modify all the theories inconsistent with (contradicting) FTL motion.
Weinberg–Salam theory is a good example of such a theory because it implies the impos-
sibility of FTL motion [25].
In this paper, we show that the particle dynamics of Einstein’s special relativity would
survive any experiment showing the existence of FTL objects because it is logically con-
sistent with their existence. The only framework for investigating the consistency of a
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statement with a theory is the axiomatic framework of mathematical logic. Therefore, we
investigate the consistency of FTL particles in the framework of mathematical logic.
The investigation of FTL motion goes back to pre-relativistic times, see, e.g., [16], [28,
§3]. Since 1905 it has generally been believed that the nonexistence of FTL particles is a
direct consequence of special theory of relativity. Since Tolman’s antitelephone argument
[37], several paradoxes concerning causality violations and FTL particles have appeared,
and since the 1950s great many papers have been published on theories for FTL particles
as well as on possible resolutions of the paradoxes, see, e.g., [8, 9, 11, 17, 18, 19, 20, 21,
26, 27, 28, 29, 31, 32, 33, 34, 35, 38, 39], and references therein.
Since causality paradoxes are based on changing the past some way, they are usually
resolved by making restrictions on the things that can be changed in the corresponding
situations, see, e.g., Novikov’s self-consistency principle [14, 22]. The possible resolution
of causal paradoxes has an extensive literature. Moreover, our research group showed in
[7], that FTL motion does not imply that information can be sent to the past even if we
assume that there are FTL particles moving with arbitrary speeds. Therefore, instead of
investigating the FTL motion based causal paradoxes, here we concentrate only to the
more basic question whether relativistic dynamics allows the existence of massive FTL
particles or not.
To show that relativistic dynamics allows the existence of massive FTL particles, we
have to construct a model of relativistic dynamics where there are such particles. However,
to have a complete picture, not only the model construction is important but the basic
assumptions (axioms) we take. Therefore, we introduce an axiomatic theory of relativistic
dynamics (SRDyn) and show that this axiom system has an appropriate model.
As far as we know, apart from ours, none of the theories for FTL particles in the litera-
ture is truly axiomatic in the sense of mathematical logic. A key feature of working within
a truly axiomatic theory lies in the fact that within such a theory no tacit assumptions are
allowed, all the assumptions have to be revealed as formal axioms. This feature is crucial
in investigating consistency questions as well as any other foundational questions because
in these investigations we have to see clearly what is being assumed and what is not.
In an axiomatic framework similar to the one used here, [36] shows that the existence
of FTL inertial particles does not contradict (i.e., it is consistent with) special relativistic
kinematics. In other words, there is a model of relativistic kinematics containing FTL
particles. This means exactly that the existence of FTL particles is logically independent
of relativistic kinematics because, of course, there is also a model of relativistic kinematics
in which there are no FTL particles.
In this paper, we show that the existence of massive FTL inertial particles is logically
independent of special relativistic dynamics, too. This means that relativistic dynamics
implies neither the nonexistence nor the existence of massive FTL particles; or equivalently
both the existence and the nonexistence of massive FTL particles are consistent with
relativistic dynamics.
This situation is completely analogous to the fact that Euclid’s postulate of parallels
is logically independent of the rest of its axioms (in this case two different consistent
theories extending the theory of absolute geometry are Euclidean geometry and hyperbolic
2
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Figure 1: A fusion according to one observer can be a decay according to another one if
there are FTL particles
geometry).
Based on Einstein’s original 1905 postulates, we formalize the dynamics of special
relativity within an axiomatic framework. We chose first-order logic to formulate axioms
of special relativity because experience (e.g., in geometry and set theory) shows that this
logic is an adequate logic for providing axiomatic foundations for a theory.
To create any theory of FTL particles, we have to deal with the following phenomenon
implied already by the kinematics of special relativity. If an observer sees a fusion of
two particles in which an FTL particle participates, then a fast enough (but slower than
light) observer sees this fusion as a decay, see Fig.1. The same example also appears,
e.g., in [9, 28, 34] and in connection with the phenomenon [9] says: “... according to the
original criteria, various observers must agree on the identity of physical laws, and not
the description of any given phenomenon ...”. So the existence of FTL particles adds new
concepts to the already long list of observer dependent concepts of relativity theory, namely
it is also observer dependent whether a particle participates in a decay or a fusion.
It is important that Einstein’s theory is consistent with the FTL motion of particles,
but not with the FTL motion of inertial observers (reference frames) unless the space is
also one dimensional, see Corollary 5.2. If the space is one dimensional, then FTL inertial
observers can be introduced, see, e.g., [28, §5] or [1, §2.7 & §3.4].
In [35] Sutherland and Shepanski introduce FTL reference frames and transformations
between them. In the recent paper [19], Hill and Cox also introduce transformations be-
tween FTL reference frames. However, as Corollary 5.2 indicates it, these transformations
contradict the principle of relativity unless spacetime is two dimensional, see [35], [6].
The structure of this paper is as follows. In Section 2, we explain our result and ax-
iomatic framework without going into the details of formalization. In Section 3, we give
the intuitive idea of the proof of our result. In Section 4, we recall an axiomatic frame-
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work for dynamics from [4]. In Section 5, we recall an axiom system and some theorems
for kinematics of special relativity relevant to our present investigation. In Section 6, we
present an axiom system for dynamics of special relativity theory. The axioms for dynam-
ics are some natural assumptions on collisions of inertial particles, e.g., conservation of
relativistic mass and linear momentum. In Section 7, within this axiomatic framework, we
formulate and prove our main result, namely that the existence of FTL inertial particles is
independent of dynamics of special relativity, i.e., we prove that neither the existence nor
the nonexistence of FTL inertial particles follows from the theory, see Theorem 7.1. Con-
sequently, it is consistent with dynamics of special relativity that there are FTL particles.
In Section 8, we show an experimental prediction of Einstein’s special relativity on FTL
particles, namely that the relativistic mass and momentum of an FTL particle decrease
with the speed, see also [9, 19, 28].
2 Informal statement of the main result
To prove our statement on the existence of massive FTL inertial particles, we present
an axiom system SRDyn which is a formalized version of Einstein’s special relativistic
dynamics, see p.19. Informally, SRDyn contains the following axioms for kinematics (see
Fig.5 on p.12):
1. Principle of relativity (Einstein’s first postulate): The same laws of nature holds for
all inertial observers (reference frames) (see SPR+ on p.10).
The second postulate of Einstein literally states that “Any ray of light moves in the
stationary system of co-ordinates with the determined velocity c, whether the ray be emit-
ted by a stationary or by a moving body,” see [12]. So our second axiom will state the
existence of an inertial reference frame according to which the speed of light is the same
in every direction everywhere. However, it is important to note that by the principle of
relativity, all the reference frames have to have this property since there is no distinguished
inertial frame of reference.
2. The light axiom (Einstein’s second postulate): There is at least one inertial observer,
according to whom all light signals move with the same speed (see AxLight on p.11).
See [36, Prop.1] for a precise formulation and proof of the above intuitively clear argu-
ment on that AxLight and SPR+ imply that the speed of light is the same for all inertial
observers.
A benefit of working within a formal axiomatic framework is that we have to state
explicitly even the most trivial assumptions. This is a great help in revealing the tacit
assumptions of the investigated theory. So now we list some trivial assumptions which were
implicitly assumed by Einstein, as well as by all approaches to special relativity theory.
However, in an axiomatic framework, these (or some other) auxiliary axioms are needed
to be stated explicitly to get back the intended meanings of Einstein’s two postulates.
4
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Figure 2: Illustration for possible collision; relativistic mass and linear momentum are
conserved
3. Physical quantities satisfy some algebraic properties of real numbers (see AxEField
on p.10).
4. Inertial observers coordinatize the same events (see AxEv on p.11).
5. Inertial observers are stationary according to their own coordinate systems (see AxSelf
on p.13).
6. Inertial observers (can) use the same units of measurements (see AxSymD on p.13).
Theorem 5.1 (see p.13) justifies that the axioms corresponding to the statements above
really captures the kinematics of special relativity because they imply that the transfor-
mations between inertial observers (reference frames) are Poincare´ transformations.
In the axioms of SRDyn concerning dynamics, we use the notion of collision of particles.
Intuitively, by a possible collision according to an inertial observer at a coordinate point
we mean a set of incoming and outgoing inertial particles such that the relativistic mass
and linear momentum are conserved, i.e., the sum of the relativistic masses of the incoming
particles coincides with that of the outgoing ones and the same holds for the linear momenta
of the particles, see Fig.2. So the conservations of relativistic mass and linear momentum
are built into the definition of the possible collisions. Inelastic collisions are defined as
collisions in which there is only one outgoing particle.
Now we list the axioms of SRDyn concerning dynamics (see Fig.8 on p.18):
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7. The notion of possible collision does not depend on the inertial observer (see AxColln
on p.16). By the definition of possible collisions, this assumption basically states the
conservation of relativistic mass and linear momentum.
8. Particles (with given velocities and relativistic masses) can be collided inelastically
at any coordinate point (see Ax∀inecoll on p.16).
9. Relativistic masses of slower than light inertial particles depend only on their speeds
(see AxSpd on p.17).
10. If the velocities and relativistic masses of two particles coincide for one inertial ob-
server then they coincide for all the other inertial observers, too (see AxMass on
p.17).
11. Inertial observers can move with any slower than light velocity and there are inertial
particles of arbitrary positive relativistic masses and arbitrary non-FTL velocities
(see AxThEx+ on p.17).
12. Every potential collision can be realized (see Ax∀Coll on p.19).
The main result of this paper is the following, see Thm.7.1 (p.20):
The existence of massive FTL inertial particles is consistent with special rel-
ativistic dynamics SRDyn. The nonexistence of FTL inertial particles is also
consistent with SRDyn. Therefore, the existence of massive FTL inertial parti-
cles is logically independent of SRDyn.
3 The idea of constructing a model for FTL particles
The main result says that the existence of massive FTL inertial particles is independent
of special relativistic dynamics SRDyn. To prove this statement, we construct two models
(solutions of the axioms) of SRDyn such that there are massive FTL inertial particles in
one model and there are no FTL inertial particles in the other one.
The interesting case is the construction of the model in which there are massive FTL
inertial particles. Now we turn to explaining the intuitive idea of the construction of this
model.
The key idea is similar to the ideas of Sudarshan [34], Recami [28, 29], Bilaniuk et al. [9]
and Arntzenius [8] using the “switching-reinterpretation” principle. The main advantage
of our approach over the former ones is that we formulate an explicit axiom system SRDyn
of relativistic dynamics and we show by a concrete model construction that this axiom
system is consistent with FTL particles.
To simplify the proof, we use the notion of four-momentum, which is a defined concept
in our framework. Since we assume that the speed of light is 1, the four-momentum of
an inertial particle is a spacetime vector whose time component is the relativistic mass
6
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Figure 3: Illustration for model construction
and space component is the linear momentum of the particle, see Fig.9 on p.21. Thus in
possible collisions four-momentum is conserved, see Fig.2.
First we construct the worldview of a distinguished observer having massive FTL in-
ertial particles. For every coordinate point and every nonzero spacetime vector with non-
negative time component, we include an incoming and an outgoing inertial particle. The
vectors will correspond to the four-momenta of the corresponding particles. Clearly, there
are inertial particles with arbitrary speeds in the worldview of the distinguished observer,
thus there are FTL ones.
Constructing the worldview of one observer having FTL particles is easy. The nontriv-
ial part of our construction is to construct a worldview of observers moving with respect to
this observer and associating relativistic masses to all the possible particles in the moving
frame such that all the axioms of SRDyn are satisfied. By Theorem 5.1, the worldviews
are transformed by Poincare´ transformations. The relativistic masses of slower than light
particles also have to be transformed in accordance with the corresponding Poincare´ trans-
formation. So the question whether our construction can or cannot be finished depends on
whether we can associate appropriate relativistic masses to FTL particles.
Since mass and four-momentum determine each other it is enough to concentrate to
the transformation of four-momenta. To understand why and how four-momenta have to
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transform differently for FTL particles let us consider the following situation.
Let a, b and c be inertial particles and let their four-momenta be vectors A, B and C
according to the distinguished observer as in the left-hand side of Fig.3. Let us note that
A +B = C, particle c is obtained by “fusion” of particles a and b, and particle a is FTL.
Then particles a, b and c form a possible collision according to the distinguished observer.
In the worldview of a new observer, particles a and c are obtained by “decay” of particle
b, see the middle of Fig.3. One of the main axioms of special relativistic dynamics SRDyn
is that possible collisions do not depend on the observer, i.e., relativistic mass and linear
momentum have to be conserved according to all observers. Thus the four-momenta Anew,
Bnew and Cnew of particles a, b and c according to the new observer have to be such that
Bnew = Anew + Cnew (1)
since a and c are obtained by “decay” of b. Let us try to define Anew, Bnew and Cnew as
the images of A, B and C by the linear part of the Poincare´ transformation corresponding
to the new observer. So let A′, B′ and C ′ be the images of A, B and C by the linear part
of the Poincare´ transformation. Therefore, A′ + B′ = C ′ since A + B = C and A′, B′, C ′
are obtained by using a linear transformation, see the middle of Fig.3. Since B′ 6= A′+C ′,
equation (1) does not hold automatically. Thus, if Anew, Bnew and Cnew are −A′, B′ and
C ′, equation (1) is satisfied, see the right-hand side of Fig.3.
This gives the idea to define the four-momentum P new of an arbitrary inertial particle
p according to the new observer the following way. Let P be the four-momentum of p
according to the distinguished observer and let P ′ be the image of P by the linear part
of the chosen Poincare´ transformation. P new is defined to be P ′ if the time component of
P ′ is positive and P new is defined to be −P ′ if the time component of P ′ is negative (and
undefined otherwise). This is basically the “switching-reinterpretation” principle used in
[9, 28, 29, 34, 8].
It can be seen that possible collisions do not depend on the observer, and relativistic
masses remain positive. It remains to check that all the other axioms of SRDyn hold in our
model. For example, Einstein’s first postulate, the principle of relativity holds basically
because the worldviews of all the observers are “alike.” For a precise proof, see p.21.
4 The language of our axiom system
To make the informal assumptions listed in Section 2 precise, we need a formal language
containing a set of basic symbols for the theory, i.e., what objects and relations between
them we use as basic concepts.
Here we use the following two-sorted1 language of first-order logic parameterized by a
natural number d ≥ 2 representing the dimension of spacetime:
{B ,Q ; IOb,Ph,+, ·, <,W,M },
1That our theory is two-sorted means only that there are two types of basic objects (bodies and
quantities) as opposed to, e.g., Zermelo–Fraenkel set theory where there is only one type of basic objects
(sets).
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Figure 4: Illustration for the language
where B (bodies) and Q (quantities) are the two sorts, IOb (inertial observers) and Ph
(light signals or photons) are one-place relation symbols of sort B , + and · are two-place
function symbols and < is a two-place relation symbol of sort Q , W (the worldview relation)
is a d+2-place relation symbol the first two arguments of which are of sort B and the rest
are of sort Q , M (the mass relation) is a 3-place relation symbol the first two arguments
of which are of sort B and the third argument is of sort Q , see Fig.4.
Relations IOb(k) and Ph(p) are translated as “k is an inertial observer,” and “p is
a light signal or a photon,” respectively. To speak about coordinatization, we trans-
late W(k, b, x1, x2, . . . , xd) as “body (observer) k coordinatizes body b at spacetime location
〈x1, x2, . . . , xd〉,” (i.e., at space location 〈x2, . . . , xd〉 and instant x1). Finally we use the
mass relation to talk about the relativistic masses of bodies according to inertial observers
by reading M(k, b, q) as “the mass of body b is q according to body (observer) k.”
Quantity terms are the variables of sort Q and what can be built from them by using
the two-place operations + and ·, body terms are only the variables of sort B . IOb(k),
Ph(p), W(k, b, x1, . . . , xd), M(k, b, x), x = y and x < y where k, p, b, x, y, x1, . . . , xd are
arbitrary terms of the respective sorts are so-called atomic formulas of our first-order
logic language. The formulas are built up from these atomic formulas by using the logical
connectives not (¬), and (∧), or (∨), implies (→), if-and-only-if (↔) and the quantifiers
exists (∃) and for all (∀).
We use the notation Qn for the set of all n-tuples of elements of Q . If x¯ ∈ Qn, we assume
that x¯ = 〈x1, . . . , xn〉, i.e., xi denotes the i-th component of the n-tuple x¯. Specially, we
write W(k, b, x¯) in place of W(k, b, x1, . . . , xd), and we write ∀x¯ in place of ∀x1 . . . ∀xd, etc.
The models of this language are of the form
M = 〈B ,Q ; IObM,PhM,+M, ·M, <M,WM,MM〉,
where B and Q are nonempty sets, IObM and PhM are unary relations on B , +M and ·M
are binary operations and <M is a binary relation on Q , WM is a subset of B × B × Qd
and MM is a subset of B × B × Q . Formulas are interpreted in M in the usual way. For
precise definition of the syntax and semantics of first-order logic, see, e.g., [10, §1.3], [13,
§2.1, §2.2].
We denote that formula ϕ is valid in model M by M |= ϕ. Formula ϕ is logically
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implied by set of formulas, in symbols Σ |= ϕ, iff (if and only if) ϕ is valid in every model
of Σ.
To make our axioms and definitions easier to read, we usually omit the outermost
universal quantifiers from our axioms and sometimes we omit them from the definitions,
too, i.e., all the free variables are universally quantified.
5 Axioms for kinematics
Here we axiomatize the kinematics of special relativity in our first-order logic language of
Section 4. Einstein has assumed two postulates in his 1905 paper [12], the principle of
relativity and the light postulate. The principle of relativity roughly states that the same
laws of nature are true for all inertial observers. Specially they are indistinguishable from
each other by (local) physical experiments, see, e.g., Friedman [15, §5].
To formalize the principle of relativity let P be the set of formulas of our language
with at most one free variable of sort B . Elements of P play the role of potential “laws of
physics” in the formulation of the principle of relativity theory. The free variable of sort B
is used to evaluate these formulas on inertial observers and to check whether they are valid
or not according to the observer in question. Now we can formulate the strong principle
of relativity as the following axiom schema:
SPR+ Every potential law of nature ϕ ∈ P is either true for all the inertial observers or
false for all of them:{
IOb(k) ∧ IOb(h)→ [ϕ(k, x¯)↔ ϕ(h, x¯)] : ϕ ∈ P }.
P contains formulas which may not counted as laws of nature. Therefore, SPR+ may
be stronger than Einstein’s Principle of Relativity. However, this fact does not concern
us now because we show here that something does not follow from special relativity, and
if something does not follow if we use the possibly stronger assumption SPR+ it does not
follow if we use Einstein’s principle. Let us note here that the difficulty of formulating
Einsteins principle precisely comes from the fact that the notion of “laws of nature” is not
well-defined.
Einstein assumed without postulating it explicitly that the structure of quantities is
the field of real numbers. We make this postulate more general by assuming only the most
important algebraic properties of real numbers for the quantities.
AxEField The quantity part 〈Q ,+, ·, <〉 is a Euclidean field, i.e., it is a linearly ordered
field in the sense of abstract algebra; and every positive element has a square root,
i.e., ∀x ∃y (x = y2 ∨ −x = y2).
Throughout the paper we assume AxEField in our definitions and axioms without men-
tioning this explicitly. We use the usual field operations 0, 1, −, /, and √ definable from
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+ and · within first-order logic. We also use the usual vector-space structure of Qn, that
is if x¯, y¯ ∈ Qn and q ∈ Q , then x¯+ y¯ ∈ Qn and q · x¯ ∈ Qn.
The second postulate of Einstein states that “Any ray of light moves in the stationary
system of co-ordinates with the determined velocity c, whether the ray be emitted by a
stationary or by a moving body,” see [12]. We can easily formulate this statement in our
first-order logic frame. To do so, let us introduce the following two concepts. The time
difference of coordinate points x¯, y¯ ∈ Qd is defined as:
time(x¯, y¯) := |x1 − y1|.
The spatial distance of x¯, y¯ ∈ Qd is defined as:
space(x¯, y¯) :=
√
(x2 − y2)2 + . . .+ (xd − yd)2.
AxLight There is at least one inertial observer, according to whom, any light signal moves
with the same speed c (independently of the fact that which body emitted the signal).
Furthermore, it is possible to send out a light signal in any direction everywhere (see
Fig.5):
∃kc
[
IOb(k) ∧ 0 < c ∧ ∀x¯y¯
(
∃p[Ph(p) ∧W(k, p, x¯) ∧W(k, p, y¯)]↔
space(x¯, y¯) = c · time(x¯, y¯)
)]
. (2)
Axiom AxLight, as Einstein’s original second postulate, requires only the existence of at
least one inertial observer according to whom all light signals move with the same speed.
However, by the principle of relativity, AxLight implies that all light signals move with the
same speed according to all the inertial observers. More precisely axioms SPR+, AxLight
and AxEField imply that the speed of light is the same for every inertial observer in every
direction, i.e., formula (2) holds if we replace “∃kc” with “∃c∀k” in it, see [36, Prop.1].
As any other approach to relativity theory, we also assume that inertial observers
coordinatize the same “external” reality (the same set of events). By the event occurring
for inertial observer k at coordinate point x¯, we mean the set of bodies k coordinatizes at
x¯:
evk(x¯) := {b : W(k, b, x¯)}.
AxEv All inertial observers coordinatize the same set of events (see Fig.5):
IOb(k) ∧ IOb(h)→ ∃y¯ ∀b[W(k, b, x¯)↔ W(h, b, y¯)].
From now on, we use evk(x¯) = evh(y¯) to abbreviate the subformula
∀b [W(k, b, x¯)↔ W(h, b, y¯)] of AxEv.
Basically we are ready for formulating the kinematical part of Einstein’s special rel-
ativity theory within our axiomatic framework. Nevertheless, let us introduce two more
simplifying axioms.
11
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AxSelf Any inertial observer is stationary according to its own coordinate system (see
Fig.5):
IOb(k)→ ∀x¯[W(k, k, x¯)↔ x2 = . . . = xd = 0].
Axiom AxSelf makes it easier to speak about the motion of inertial observers since it
identifies the observers with their time-axes. So instead of always referring to the time-axes
of inertial observers we can speak about their motion directly.
Our last axiom on kinematics is a symmetry axiom saying that all inertial observers
use the same units of measurement.
AxSymD Any two inertial observers agree as to the spatial distance between two events if
these two events are simultaneous for both of them; and the speed of light is 1 for all
inertial observers (see Fig.5):
IOb(k) ∧ IOb(h) ∧ x1 = y1 ∧ x′1 = y′1 ∧ evk(x¯) = evh(x¯′) ∧ evk(y¯) = evh(y¯′)
→ space(x¯, y¯) = space(x¯′, y¯′), and
IOb(k)→ ∃p[Ph(p) ∧W(k, p, 0, . . . , 0) ∧W(k, p, 1, 1, 0, . . . , 0)].
Axiom AxSymD simplifies the formulation of our theorems because we do not have to
consider situations such as when one observer measures distances in meters while another
observer measures them in feet.
Let us now introduce an axiom system SR for kinematics of special relativity as the
collection of the axioms above:
SR := SPR+ ∪ {AxLight,AxEField,AxEv,AxSelf,AxSymD}.
Let us note that usually a more general axiom system called SpecRel is used for axiom-
atizing special relativity, see, e.g., [3, 5, 36]. SpecRel does not contain SPR+ but it captures
the kinematics of special relativity, i.e., it implies that the worldview transformations are
Poincare´ ones. It is proved in [36] that SpecRel is more general than SR.
To characterize the possible relations between the worldviews of inertial observers, let
us introduce the worldview transformation between observers k and h (in symbols, wkh)
as the binary relation on Qd connecting the coordinate points where k and h coordinatize
the same events:
wkh(x¯, y¯)
def⇐⇒ evk(x¯) = evh(y¯).
Map P : Qd → Qd is called a Poincare´ transformation iff it is an affine bijection
having the following property:
time(x¯, y¯)2 − space(x¯, y¯)2 = time(x¯′, y¯′)2 − space(x¯′, y¯′)2
for all x¯, y¯, x¯′, y¯′ ∈ Qd for which P (x¯) = x¯′ and P (y¯) = y¯′.
Theorem 5.1. Let d ≥ 3. Assume SR. Then wkh is a Poincare´ transformation if k and
h are inertial observers.
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We note that Thm.5.1 also holds, if we replace SR with the more general axiom system
SpecRel, see, e.g., [23]. For versions of Theorem 5.1 using a similar but different axiom
systems of special relativity, see, e.g., [1, 2, 3].
Let FTL(k, b) be the following formula saying that body b moves FTL according to
inertial observer k:
FTL(k, b)
def⇐⇒ IOb(k) ∧ ∃x¯y¯[W(k, b, x¯) ∧W(k, b, y¯) ∧ time(x¯, y¯) < space(x¯, y¯)]. (3)
Let ∃FTLIOb be the following formula saying that there is an FTL inertial observer:
∃FTLIOb def⇐⇒ ∃kh [IOb(h) ∧ FTL(k, h)].
By Thm.5.1, SR implies that there are no FTL inertial observers:
Corollary 5.2. Assume d ≥ 3. Then SR |= ¬∃FTLIOb.
We note that, by Thm.7.1 on p.20, SR does not imply that there are no FTL inertial
particles.
We need the following concepts of kinematics in our axioms for dynamics. The world-
line of body b according to observer k is defined as:
wlk(b) := {x¯ : W(k, b, x¯)}.
Body b is called inertial if for every inertial observer the world-line of body b is at least
two element subset of a straight-line, formally:
IOb(k) → ∃x¯y¯
[
x¯ 6= y¯ ∧W(k, b, x¯) ∧W(k, b, y¯)∧(
W(k, b, z¯)→ ∃q [Q(q) ∧ z¯ = x¯+ q · (x¯− y¯)])].
The velocity vk(b) and the speed vk(b) of inertial body b according to inertial observer
k are defined as follows. Let x¯, y¯ be such that W(k, b, x¯), W(k, b, y¯) and x1 6= y1. Then
vk(b):=
〈x2 − y2, . . . , xd − yd〉
x1 − y1 and vk(b):=
space(x¯, y¯)
time(x¯, y¯)
,
and if there are no such x¯ and y¯, then vk(b) and vk(b) are undefined. For inertial bodies
these are well defined concepts since they do not depend on the choice of x¯ and y¯. vk(b) <∞
abbreviates that vk(b) is defined, i.e., vk(b) <∞ iff ∃x¯y¯ [W(k, b, x¯) ∧W(k, b, y¯) ∧ x1 6= y1].
We say that the speed of inertial body b according to observer k is finite iff vk(b) <∞.
6 Axioms for dynamics
In this section, we introduce axioms for dynamics of special relativity, which are some
natural assumptions on collisions of inertial particles and they concern FTL particles, too.
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Figure 6: Illustration for incoming, outgoing, possible collision and inelastic collision of
bodies; the vectors (A,B,C,D,E ∈ Qd) in the figure are the four-momenta of inertial
particles, i.e., 〈mk(bi),mk(bi) · vk(bi)〉, cf. (6) and Fig.9
To introduce the notion of collisions of particles we need some definitions. The rela-
tivistic mass of body b according to inertial observer k, in symbols mk(b), is defined to be
q if M(k, b, q) holds and there is only one such q ∈ Q ; otherwise mk(b) is undefined. Here
we are interested in inertial bodies having relativistic masses. Body b is called inertial
particle, in symbols Ip(b), iff b is an inertial body and mk(b) is defined for every inertial
observer k.
Body b is incoming (outgoing) at coordinate point x¯ according to inertial observer
k, in symbols ink(b, x¯) (outk(b, x¯)), iff b is an inertial particle, x¯ is on the world-line of b,
and the time component of each coordinate point on the world-line of b different from x¯
is less than (greater than) the time component of x¯ (see the left-hand side of Fig.6 and
Fig.2):
ink(b, x¯)
def⇐⇒ Ip(b) ∧ W(k, b, x¯) ∧ (W(k, b, y¯)→ [y¯ = x¯ ∨ y1 < x1]),
outk(b, x¯)
def⇐⇒ Ip(b) ∧ W(k, b, x¯) ∧ (W(k, b, y¯)→ [y¯ = x¯ ∨ x1 < y1]).
Let us define the possible collisions of bodies as follows. Bodies b1, . . . , bn form a
possible collision according to observer k if there is a coordinate point such that all the
bodies are incoming or outgoing in that coordinate point and the sum of the relativistic
masses of the incoming bodies coincides with that of the outgoing ones, and the same holds
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for the linear momenta of the bodies (see Fig.6):
collk(b1 . . . bn)
def⇐⇒ ∃x¯
[ n∧
i=1
[ink(bi, x¯) ∨ outk(bi, x¯)] ∧
∑
{i : ink(bi,x¯)}
mk(bi) =
∑
{i : outk(bi,x¯)}
mk(bi) ∧
∑
{i : ink(bi,x¯)}
mk(bi) · vk(bi) =
∑
{i : outk(bi,x¯)}
mk(bi) · vk(bi)
]
. (4)
Let us note that, if bodies b1, . . . , bn form a possible collision, then they are inertial
particles by the definition of incoming and outgoing particles.
For every natural number n we introduce an axiom saying that possible collisions formed
by n bodies do not depend on the inertial observer. Thus conservations of relativistic mass
and linear momentum do not depend on the inertial observer.
AxColln If bodies b1, . . . , bn form a possible collision for an inertial observer, they form a
possible collision for every inertial observer according to whom the speed of each of
them is finite (see Fig.8):
IOb(k) ∧ IOb(h) ∧
n∧
i=1
vh(bi) <∞∧ collk(b1 . . . bn) → collh(b1 . . . bn).
Let Coll be the axiom schema containing AxColln for every natural number n:
Coll Possible collisions do not depend on the inertial observer:
Coll:={AxColln : n is a natural number }.
Bodies a and b collide inelastically according to inertial observer k at coordinate
point x¯, in symbols x¯-inecollk(ab), iff there is a body c such that a, b, c form a possible
collision, a, b are incoming and c is outgoing at x¯ (see the right-hand side of Fig.6):
x¯-inecollk(ab)
def⇐⇒ ∃c [collk(abc) ∧ ink(a, x¯) ∧ ink(b, x¯) ∧ outk(c, x¯)]. (5)
By the following axiom, particles can be collided inelastically at any coordinate point.
Ax∀inecoll For every inertial observer, every coordinate point and every two inertial par-
ticles a and b, if the sum of their relativistic masses is nonzero and their speeds are
finite, there are inertial particles a′ and b′ such that they collide inelastically at the
given coordinate point and the relativistic masses and velocities of a′ and b′ coincide
with those of a and b, respectively (see Fig.7 and Fig.8):
IOb(k) ∧ Ip(a) ∧ Ip(b) ∧ vk(a) <∞∧ vk(b) <∞∧mk(a) +mk(b) 6= 0 →
∃a′b′ [x¯-inecollk(a′b′)∧
mk(a
′) = mk(a) ∧mk(b′) = mk(b) ∧ vk(a′) = vk(a) ∧ vk(b′) = vk(b)].
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We assume that relativistic masses of slower than light inertial particles depend only
on their speeds.
AxSpd If an inertial particle is moving with the same slower than light speed according to
two inertial observers, then the relativistic masses of the particle are the same for
them (see Fig.8):
IOb(k) ∧ IOb(h) ∧ Ip(b) ∧ vk(b) = vh(b) < 1 → mk(b) = mh(b).
We also assume that, if two inertial particles have the same velocities and relativis-
tic masses according to an inertial observer, then they have the same relativistic masses
according to every inertial observer.
AxMass If the relativistic masses and velocities of two inertial particles coincide for an
inertial observer, then their relativistic masses coincide for every inertial observer
(see Fig.8):
IOb(k) ∧ IOb(h) ∧ Ip(a) ∧ Ip(b) ∧mk(a) = mk(b) ∧ vk(a) = vk(b) → mh(a) = mh(b).
To avoid trivial models, we also assume that there are inertial observers moving relative
to each other and there are inertial particles of arbitrary positive relativistic masses and
arbitrary non-FTL velocities.
AxThEx+ Inertial observers can move along any straight line of slower than light speed and
inertial particles of arbitrary positive relativistic masses can move along any straight
line of non-FTL speed:(
IOb(k) ∧ space(x¯, y¯) < time(x¯, y¯) → ∃h [IOb(h) ∧W(k, h, x¯) ∧W(k, h, y¯)]) ∧
(
IOb(k) ∧ space(x¯, y¯) ≤ time(x¯, y¯) ∧ 0 < q →
∃b [Ip(b) ∧W(k, b, x¯) ∧W(k, b, y¯) ∧mk(b) = q]
)
.
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By the following axiom, every potential collision can be realized.
Ax∀Coll For every inertial observer, coordinate point and inertial particle a of finite speed,
there is an inertial particle b such that the relativistic mass and velocity of b coincide
with those of a, and b is outgoing (incoming) at the given coordinate point.
IOb(k) ∧ Ip(a)∧vk(a) <∞ →(
∃b [outk(b, x¯) ∧mk(b) = mk(a) ∧ vk(b) = vk(a)] ∧
∃b [ ink(b, x¯) ∧mk(b) = mk(a) ∧ vk(b) = vk(a)]
)
.
By definition of possible collision, Ax∀Coll is equivalent with ∀Coll below saying that, ac-
cording to every inertial observer, every potential collision can be realized at any coordinate
point.
∀Coll For every positive integer n, nonnegative integer l with l ≤ n, inertial observer k,
coordinate point x¯ ∈ Qd, and (not necessarily different) inertial particles a1, . . . , an
with ∑
0<i≤l
mk(ai) =
∑
l<i≤n
mk(ai) ∧
∑
0<i≤l
mk(ai) · vk(ai) =
∑
l<i≤n
mk(ai) · vk(ai),
there are inertial particles b1, . . . , bn such that mk(bi) = mk(ai) and vk(bi) = vk(ai)
for every i, ink(bi, x¯) for every 0 < i ≤ l, outk(bi, x¯) for every l < i ≤ n, and therefore
collk(b1 . . . bn).
Velocity u¯ ∈ Qd−1 is said to be non-FTL if u21 + . . .+ u2d−1 ≤ 1.
AxThEx+ and Ax∀Coll imply the following statement:
For every positive integer n, nonnegative integer l with l ≤ n, inertial observer
k, coordinate point x¯ ∈ Qd, positive m1, . . . , mn ∈ Q , and non-FTL velocities
v¯1, . . . , v¯n ∈ Qd−1 with∑
0<i≤l
mi =
∑
l<i≤n
mi ∧
∑
0<i≤l
mi · v¯i =
∑
l<i≤n
mi · v¯i
there are inertial particles b1, . . . , bn such that mk(bi) = mi and vk(bi) = v¯i for
every i, ink(bi, x¯) for every 0 < i ≤ l, outk(bi, x¯) for every l < i ≤ n, and therefore
collk(b1 . . . bn).
Let us introduce an axiom system SRDyn for dynamics of special relativity as the
collection of all the axioms of kinematics and dynamics above:
SRDyn:=SR ∪ Coll ∪ {Ax∀inecoll,AxSpd,AxMass,AxThEx+,Ax∀Coll}.
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7 Independence of massive FTL inertial particles of
SRDyn
Now we show that the existence of massive FTL inertial particles is independent of SRDyn.
To formulate this statement we need some definitions.
Let us recall that formula FTL(k, b) states that body b moves FTL according to inertial
observer k, see (3) on p.14.
Let ∃FTLIp be the following formula saying that there is an FTL inertial particle having
positive relativistic mass:
∃FTLIp def⇐⇒ ∃kb [Ip(b) ∧ FTL(k, b) ∧mk(b) > 0].
Let Σ be a set of formulas and ϕ be a formula. Σ 6|= ϕ denotes that ϕ is not implied by
Σ, i.e., there is a model of Σ in which ϕ is not valid. Statement ϕ is called independent
of Σ if neither ϕ nor its negation ¬ϕ is implied by Σ, i.e., Σ 6|= ϕ and Σ 6|= ¬ϕ. Let us note
that ϕ is independent of Σ if there are two models of Σ such that ϕ is valid in one model
and ¬ϕ is valid in the other one.
The main result of the present paper is Theorem 7.1 below. It says that the existence
of massive FTL inertial particles is independent of relativistic dynamics.
Theorem 7.1. ∃FTLIp is independent of SRDyn, that is
SRDyn 6|= ∃FTLIp, and
SRDyn 6|= ¬∃FTLIp,
equivalently, both ∃FTLIp and ¬∃FTLIp are consistent with SRDyn.
Proof. The theorem is a corollary of Thm.7.2 below.
By Theorem 7.2 below, the existence of massive FTL inertial particles is independent
of relativistic dynamics even if we assume that the structure of quantities is isomorphic to
the field of real numbers (or to any other fixed Euclidean field).
Theorem 7.2. For every d ≥ 2 and for every Euclidean field Q, there are models M1
and M2 of SRDyn such that M1 |= ∃FTLIp, M2 |= ¬∃FTLIp, and Q is the field reduct of
both models.
Based on the intuitive idea in Section 3, we give a formal proof here using the following
concepts.
Let f : Qd → Qd and g : Qd → Qd be maps. f ◦ g denotes the composition of the two
maps, i.e., (f ◦ g)(x¯) = f(g(x¯)). f−1 denotes the inverse map of f . Let H be a subset of
Qd. The f-image of set H is defined as: f [H ] := { f(x¯) : x¯ ∈ H }. The identity map
is defined as: Id(x¯) := x¯ for all x¯ ∈ Qd. Let x¯, y¯ ∈ Qd. Then rayx¯y¯ denotes the closed ray
(or half-line) with initial point x¯ and containing y¯, i.e., rayx¯y¯:={x¯+ q · (y¯ − x¯) : 0 ≤ q}.
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The time-axis is defined as
t-axis := { x¯ ∈ Qd : x2 = . . . = xd = 0 }.
Let k ∈ IOb and b ∈ B . The four-momentum Pk(b) of body b according to inertial
observer k is defined as the element of Qd whose time component is the relativistic mass
and space component is the linear momentum of b according to k if b is an inertial particle
and the speed of b is finite (see Fig.9), i.e.:
Pk(b)1 = mk(b) and 〈Pk(b)2, . . . ,Pk(b)d〉 = mk(b) · vk(b), (6)
if Ip(b) and vk(b) < ∞, and Pk(b) is undefined otherwise. It is not difficult to prove that
Pk(b) is parallel to the world-line of b.
PSfrag replacements
Pk(b) (four-momentum)
wlk(b)
mk(b) (mass)
mk(b) · vk(b) (linear momentum)
k
Figure 9: Illustration for four-momentum
Using the concept of four-momentum definition (4) of possible collision of bodies can
be written in a simpler form:
collk(b1 . . . bn) ⇐⇒ ∃x¯
n∧
i=1
[ink(bi, x¯) ∨ outk(bi, x¯)] ∧
∑
{i : ink(bi,x¯)}
Pk(bi) =
∑
{i : outk(bi,x¯)}
Pk(bi). (7)
Proof. The idea of the proof is in Section 3 on p.6.
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Let Q = 〈Q ; +, ·, <〉 be a Euclidean field. We are going to prove our statement by
constructing two models M1 and M2 of SRDyn such that in M1 there are massive FTL
inertial particles, in M2 there are no FTL inertial particles and the ordered field reduct of
both models is Q. There is only a slight difference in the two constructions. Therefore, we
are going to construct the two models simultaneously. By x¯y¯ we denote the ordered pair
〈x¯, y¯〉.
IOb := {Poincare´ transformations of Qd }, (8)
Ip1 := { x¯y¯ ∈ Qd ×Qd : x¯ 6= y¯}, (9)
Ip2 := { x¯y¯ ∈ Ip1 : space(x¯, y¯) ≤ time(x¯, y¯) }, and (10)
Ph := { x¯y¯ ∈ Ip1 : space(x¯, y¯) = time(x¯, y¯) }. (11)
Let us note that Ph ⊆ Ip2 ⊆ Ip1. The only difference between the construction of models
M1 and M2 is in the definition of the set of bodies:
B1:=IOb ∪ Ip1 and B2:=IOb ∪ Ip2. (12)
Throughout the proof B and Ip denote B1 and Ip1 in the case of M1 and denote B2 and
Ip2 in the case of M2. Furthermore, by “inertial particles” we mean the members of Ip1 in
the case of M1 and the members Ip2 in the case of M2.
The model construction is illustrated in Fig.10 and its intuitive idea is the following:
The worldview transformation between inertial observers identity Id and k will be Poincare´
transformation k. First we define the world-lines of bodies according to observer Id. In
particular, the world-line of particle x¯y¯ is rayx¯y¯ for every x¯y¯. We transform the world-lines
by transformation k to obtain world-lines according to arbitrary observer k, cf. Fig.10.
Thus the world-line of particle x¯y¯ is rayk(x¯)k(y¯) according to observer k.
PSfrag replacements
wl(x¯y¯)
wlk(x¯y¯)
worldview of observer kworldview of observer Id
t-axis
h−1
wl(h)
x¯
y¯
m(x¯y¯)
k
wlk(h)
k(x¯)
k(y¯)
mk(x¯y¯)
Figure 10: Illustration for the construction of the models
We define relativistic masses such that (i)-(iii) holds. (i) The time components of the
four-momenta are positive, thus the relativistic masses of inertial particles of finite speeds
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are positive. (ii) The four-momentum P(x¯y¯) of particle x¯y¯, according to observer Id, is one
of the two vectors connecting x¯ and y¯, i.e., one of x¯ − y¯ and y¯ − x¯, if the speed of x¯y¯ is
finite. (iii) According to observer k, the four-momentum of particle x¯y¯ with finite speed is
one of the two vectors connecting k(x¯) and k(y¯).
Now we construct our models based on the intuitive idea above. See Fig.10. In the
worldview of observer Id, we define the world-line of inertial observer h and the world-line
of inertial particle x¯y¯ as:
wl(h):=h−1[t-axis], and wl(x¯y¯):=rayx¯y¯, (13)
see Fig.10. We define the world-line of body b and the relativistic mass of inertial particle
x¯y¯ in the worldview of observer k as:
wlk(b):=k[wl(b)] and mk(x¯y¯):=time
(
k(x¯), k(y¯)
)
, (14)
cf. Fig.10.
Finally we define the worldview relation W and the mass relation M as:
W(k, b, x¯)
def⇐⇒ k ∈ IOb ∧ b ∈ B ∧ x¯ ∈ wlk(b), and (15)
M(k, b, q)
def⇐⇒ k ∈ IOb ∧ b ∈ Ip ∧mk(b) = q. (16)
Now models M1 and M2 are given. It is easy to see that the set of inertial particles in
M1 and M2 are Ip1 and Ip2, respectively.
For every inertial observers k and h and inertial particle x¯y¯, by (14), it is easy to see
that
wlk(x¯y¯) = rayk(x¯)k(y¯), (17)
Pk(x¯y¯) =


k(x¯)− k(y¯) if k(y¯)1 < k(x¯)1,
k(y¯)− k(x¯) if k(x¯)1 < k(y¯)1,
undefined if k(x¯)1 = k(y¯)1,
(18)
vk(x¯y¯) =
{
space(k(x¯),k(y¯))
time(k(x¯),k(y¯))
if k(y¯)1 6= k(x¯)1,
undefined if k(x¯)1 = k(y¯)1,
(19)
whk = k ◦ h−1 (is a Poincare´ transformation), and (20)
wlk(h) = k ◦ h−1[t-axis]. (21)
By (7)–(21), it is not difficult to prove that M1 and M2 are models of SRDyn \ SPR+,
there are FTL inertial particles in M1 and there are no FTL inertial particles in M2. For
details of the proof see below.
By [36, Prop.2], to prove that axiom schema SPR+ is valid in models M1 and M2, it
is enough to show that, for every inertial observer k, there is an automorphism fixing the
quantities and taking observer k to observer Id. For fixed observer k, let α be the following
map:
α(h) = h ◦ k−1, α(q) = q and α(x¯y¯) = k(x¯)k(y¯) (22)
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for every inertial observer h, quantity q, and inertial particle x¯y¯. Clearly α takes observer
k to observer Id. It is not difficult to prove that α is an automorphism of our model, for
details of the proof see below. Thus SPR+ is valid in the models.
Details of the proof: Now we are going to show in detail that M1 and M2 are models
of axiom system SRDyn and there are massive FTL inertial particles in M1 and there are
no FTL inertial particles in M2. We are going to prove this simultaneously for the two
models.
The field reduct of both models is the Euclidean field Q. Thus AxEField is valid in the
models.
By (20), world-view transformations are Poincare´ transformations, hence they are affine
transformations and bijections. Thus AxEv is valid in models M1 and M2.
By (21), we have that wlk(k) = t-axis. Thus, AxSelf is valid in the two models, by (15).
We say that rayx¯y¯ is light-like iff x¯ 6= y¯ and space(x¯, y¯) = time(x¯, y¯) and it is time-like
iff space(x¯, y¯) < time(x¯, y¯).
By (17) and by the properties of Poincare´ transformations, the world-lines of bodies in
Ph are the light-like rays according to any observer. Thus the “speed of light” is 1 for any
observer. Thus AxLight and the second part of AxSymD holds.
Any Poincare´ transformation P preserves the spatial distance of points x¯, y¯ ∈ Qd for
which x1 = y1 and P (x¯)1 = P (y¯)1. Therefore, inertial observers agree as to the spatial
distance between two events if these two events are simultaneous for both of them. We
have already shown that the speed of light is 1 according to each inertial observer in models
M1 and M2. Consequently, axiom AxSymD is also valid in these models.
To prove that axiom schema SPR+ is valid in models M1 and M2, it is enough to
show that, for observer k, map α given in (22) is an automorphism. It is clear that α
leaves the elements of Q fixed and it is a permutation on sets B , IOb, Ph and Ip since
IOb is the set of Poincare´ transformations. Thus B(b) ⇔ B(α(b)), IOb(h) ⇔ IOb(α(h))
and Ph(p) ⇔ Ph(α(p)). To prove that α is an automorphism it remains to prove that
W(k, b, x¯) ⇔ W(α(k), α(b), x¯) and M(k, b, q) ⇔ M(α(k), α(b), q). By (15) and (16), it is
sufficient to prove that for every inertial observers h and o, and inertial particle x¯y¯,
wlh(o) = wlα(h)
(
α(o)
)
, wlh(x¯y¯) = wlα(h)
(
α(x¯y¯)
)
, and mh(x¯y¯) = mα(h)
(
α(x¯y¯)
)
. (23)
By (13), (14) and (22), we have
wlα(h)
(
α(o)
)
= α(h)
[
wl
(
α(o)
)]
= α(h)
[
α(o)−1[t-axis]
]
=
h ◦ k−1[k ◦ o−1[t-axis]] = h[o−1[t-axis]] = h[wl(o)] = wlh(o),
wlα(h)
(
α(x¯y¯)
)
= α(h)
[
wl
(
α(x¯y¯)
)]
= h ◦ k−1[wl(k(x)k(y))] =
h ◦ k−1[rayk(x¯)k(y¯) ] = h ◦ k−1 ◦ k[rayx¯y¯ ] = h[rayx¯y¯ ] = wlh(x¯y¯), and
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mα(h)
(
α(x¯y¯)
)
= mh◦k−1
(
k(x¯)k(y¯)
)
=
time
(
h ◦ k−1 ◦ k(x¯), h ◦ k−1 ◦ k(y¯)) = time(h(x¯), h(y¯)) = mh(x¯y¯).
Thus (23) above holds.
Therefore, axiom schema SPR+ is valid in the models. We have proved that M1 and
M2 are models of the axiom system SR of kinematics of special relativity.
By (17) and by the properties of Poincare´ transformations, the world-lines of bodies
in Ip1 are the rays, the world-lines of bodies in Ip2 are the time-like and the light-like
rays according to any observer. Thus there are massive FTL inertial particles in M1 and
there are no FTL inertial particles in M2. Thus we have proved that M1 |= ∃FTLIp and
M2 |= ¬∃FTLIp.
It remains to prove that axioms of dynamics are also valid in the models.
First we turn proving that, for every natural number n, AxColln is valid in the model.
The proof is illustrated in Fig.11. Throughout o¯:=〈0, . . . , 0〉 ∈ Qd denotes the origin of the
coordinate system. Recall that, by (17), wlk(x¯y¯) = rayk(x¯)k(y¯) for every inertial particle
x¯y¯ and inertial observer k. Therefore
ink(x¯y¯, k(x¯)) ⇐⇒ k(y)1 < k(x)1 and outk(x¯y¯, k(x¯)) ⇐⇒ k(x)1 < k(y)1. (24)
Recall that, by (18), Pk(x¯y¯) = k(x¯)− k(y¯) iff k(y¯)1 < k(x¯)1 and Pk(x¯y¯) = k(y¯)− k(x¯)
iff k(x¯)1 < k(y¯)1. Now, by (18) and (24), for every inertial observer k and inertial particles
x¯1y¯1, . . . x¯ny¯n with
∧n
i=1 vk(x¯
iy¯i) <∞, we get
∑
{i : ink(x¯iy¯i,k(x¯i))}
Pk(x¯
iy¯i) =
∑
{i : outk(x¯iy¯i,k(x¯i))}
Pk(x¯
iy¯i)
(24)⇐⇒
∑
{i : k(y¯i)1<k(x¯i)1}
Pk(x¯
iy¯i) =
∑
{i : k(x¯i)1<k(y¯i)1}
Pk(x¯
iy¯i)
(18)⇐⇒
∑
{i : k(y¯i)1<k(x¯i)1}
(
k(x¯i)− k(y¯i)) = ∑
{i : k(x¯i)1<k(y¯i)1}
(
k(y¯i)− k(x¯i)) ⇐⇒
n∑
i=1
(
k(x¯i)− k(y¯i)) = o¯. (25)
Therefore, by (25) and the equivalent form (7) of the definition of coll, we get that
collk(x¯
1y¯1 . . . x¯ny¯n) ⇐⇒ x¯1 = . . . = x¯n∧
n∧
i=1
vk(x¯
iy¯i) <∞ ∧
n∑
i=1
(
k(x¯i)− k(y¯i)) = o¯. (26)
for every n, inertial observer k, and inertial particles x¯1y¯1, . . . , x¯ny¯n.
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Figure 11: Illustration for proving that AxColln is valid in the models
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To prove that AxColln is valid in the models, let k and h be inertial observers and
let x¯1y¯1, . . . , x¯ny¯n be inertial particles such that collk(x¯
1y¯1 . . . x¯ny¯n) and vh(x¯
iy¯i) < ∞
for every i. Then, by (26), x¯1 = . . . = x¯n and
∑n
i=1
(
k(x¯i) − k(y¯i)) = o¯. Therefore,∑n
i=1
(
h(x¯i)− h(y¯i)) = o¯, since h ◦ k−1 is an affine transformation taking k(x¯) to h(x¯) for
every x¯. Thus, by (26), collh(x¯
1y¯1 . . . x¯ny¯n) holds. Therefore, AxColln is valid in the models
for every n. Thus the axiom schema Coll is valid in the models.
Next we turn proving that Ax∀inecoll is valid in the models. Let fm1 ⊆ Qd be the set
of vectors with positive time components and let fm2 ⊆ Qd be the set of non-FTL vectors
with positive time components, i.e.,
fm1 := {x¯ ∈ Qd : 0 < x1}, and
fm2 := {x¯ ∈ fm1 : space(x¯, o¯) ≤ time(x¯, o¯)}.
Let fm denote fm1 in the case of M1 and denote fm2 in the case of M2.
Recall that, by (17), wlk(x¯y¯) = rayk(x¯)k(y¯). By (18), Pk(x¯y¯) = k(x¯) − k(y¯) iff x¯y¯ is
incoming at k(x¯) according to k, and Pk(x¯y¯) = k(y¯) − k(x¯) iff x¯y¯ is outgoing at k(x¯).
By the above, by the fact that the observers are Poincare´ transformations, and by (8)–
(10), it is easy to see that for every inertial observer at every coordinate point, the set of
four-momenta of the incoming bodies is fm and the same holds for the outgoing bodies.
Formally, for every inertial observer k and coordinate point x¯,
fm = {Pk(b) : Ip(b) ∧ ink(b, x¯)} = {Pk(b) : Ip(b) ∧ outk(b, x¯)}. (27)
By (17), for every inertial observer, every inertial particle of finite speed is an incoming or
outgoing body at some coordinate point. Therefore, (27) implies that
fm = {Pk(b) : Ip(b) ∧ vk(b) <∞} (28)
for every inertial observer k. It can be easily seen that fm is closed under addition, i.e.,
P,P′ ∈ fm =⇒ P + P′ ∈ fm. (29)
To prove that Ax∀inecoll is valid, let x¯ be a coordinate point, let k be an inertial observer
and let a and b be inertial particles with finite speeds according to k such that the sum
of their relativistic masses is nonzero. We have to prove that there are inertial particles a′
and b′ such that x¯-inecollk(a
′b′) and Pk(a
′) = Pk(a) and Pk(b
′) = Pk(b). By (28) and (29),
we have that Pk(a),Pk(b),Pk(a) + Pk(b) ∈ fm. By (27), there are inertial particles a′, b′
and c such that Pk(a
′) = Pk(a), Pk(b
′) = Pk(b), Pk(c) = Pk(a) + Pk(b), ink(a
′, x¯), ink(b
′, x¯)
and outk(c, x¯). Thus collk(a
′b′c) by (7). Now, by (5), x¯-inecollk(a
′b′). Therefore, Ax∀inecoll
is valid in the models.
To prove that AxSpd is valid, let k, h ∈ IOb, x¯y¯ ∈ Ip and q ∈ Q be such that vk(x¯y¯) =
vh(x¯y¯) = q < 1. It is enough to prove that mk(x¯y¯) = mh(x¯y¯). By (19),
space
(
k(x¯), k(y¯)
)
= q · time(k(x¯), k(y¯)), and (30)
space
(
h(x¯), h(y¯)
)
= q · time(h(x¯), h(y¯)). (31)
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Since h ◦ k−1 is a Poincare´ transformation taking k(x¯) and k(y¯) to h(x¯) and h(y¯),
respectively, we get that
time
(
k(x¯), k(y¯)
)2 − space(k(x¯), k(y¯))2 =time(h(x¯), h(y¯))2 − space(h(x¯), h(y¯))2. (32)
By (30)–(32), (1−q2)time(k(x¯), k(y¯))2 = (1−q2)time(h(x¯), h(y¯))2. Thus time(k(x¯), k(y¯)) =
time
(
h(x¯), h(y¯)
)
. Now, by (14), mk(x¯y¯) = time
(
k(x¯), k(y¯)
)
= time
(
h(x¯), h(y¯)
)
= mh(x¯y¯).
Thus mk(x¯y¯) = mh(x¯y¯). Therefore, AxSpd is valid in the models.
To prove that AxMass is valid, let k and h be inertial observers and let b and b′ be
inertial particles such that their velocities and their relativistic masses coincide according
to observer k. Then, by definition (6) of four-momentum, the four-momenta of b and b′
coincide according to observer k. Assume that the speed of b is finite according to h.
By (18) and by the fact that h ◦ k−1 is an affine transformation, it is easy to prove that
the four-momenta of b and b′ coincide according to inertial observer h, too.2 Then the
relativistic masses of b and b′ coincide according to h since relativistic mass is the time
component of the four-momentum. Therefore, AxMass is valid in the models.
Now we turn proving that AxThEx+ is valid in the models. We say that (straight) line
{x¯ + q · (y¯ − x¯) : Q(q)} is time-like iff rayx¯y¯ is time-like. The world-lines of inertial
observers are the time-like lines according to observer Id by (13) and (14) since Poincare´
transformations take the t-axis to time-like lines and for any time-like line ℓ there is an
orthocronous Poincare´ transformation taking ℓ to t-axis. Poincare´ transformations take the
set of time-like lines onto the set of time-like lines. Therefore, the world-lines of inertial
observers are the time-like lines according to any observer by (14). Therefore, the first
part of AxThEx+ holds. It is easy to see that the second part of AxThEx+ holds, because
of (i)–(iv) below. (i) The set of four-momenta of the incoming bodies contains set fm2
by (27). (ii) The time components of the four-momenta are the relativistic masses. (iii)
Four-momenta are parallel to the world-lines. (iv) World-lines of inertial particles are rays.
Therefore, AxThEx+ is valid in the models.
To prove that Ax∀Coll is valid in the models, let k be an inertial observer, x¯ be a
coordinate point, and a:=x¯′y¯′ be an inertial particle of finite speed according to k. Let
b1:=k
−1(x¯)
(
k−1(x¯) + x¯′ − y¯′) and b2:=k−1(x¯)(k−1(x¯) + y¯′ − x¯′). By the fact that k is an
affine transformation, k
(
k−1(x¯) + x¯′ − y¯′) = x¯ + k(x¯′) − k(y¯′) and k(k−1(x¯) + y¯′ − x¯′) =
x¯+ k(y¯′)− k(x¯′). Thus, by (17), wlk(a) = rayk(x¯′)k(y¯′), wlk(b1) = rayx¯
(
x¯+ k(x¯′)− k(y¯′))
and wlk(b2) = rayx¯
(
x¯+ k(y¯′)− k(x¯′)). Hence the velocities of a, b1 and b2 coincide, and
one of b1 and b2 is incoming at x¯ and the other one is outgoing at x¯ according to observer
k. Furthermore, by (14), mk(a) = mk(b1) = mk(b2) = time
(
k(x¯′), k(y¯′)
)
. Thus Ax∀Coll is
valid in the models.
By the above, axioms of dynamics are also valid in our models. Therefore, both M1
and M2 are models of SRDyn. This completes the proof.
2This is so because of the following. Let b = x¯y¯ and b′ = x¯′y¯′. Then, by (18), ±(k(x¯) − k(y¯)) =
Pk(x¯y¯) = Pk(x¯
′y¯′) = ±(k(x¯′) − k(y¯′)). But then h(x¯)− h(y¯) = ±(h(x¯′)− h(y¯′)) since h ◦ k−1 is an affine
transformation taking k(x¯), k(y¯), k(x¯′), k(y¯′) to h(x¯), h(y¯), h(x¯′), h(y¯′), respectively. By (18), we conclude
that Ph(x¯y¯) = ±Ph(x¯′y¯′). The time-components of the four-momenta are positive since relativistic masses
are positive. Therefore, Ph(x¯y¯) = Ph(x¯
′y¯′).
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8 Concluding remarks
Paper [36] shows that the existence of FTL particles is logically independent of SR an
axiom system of special relativistic kinematics based on Einstein’s original postulates. In
this paper, we have seen that the existence of massive FTL inertial particles is logically
independent of SRDyn an extension of SR to special relativistic dynamics.
mk(b)
Figure 12: Illustration for equation (33)
In [24], we show that SRDyn gives new predictions on relativistic masses of FTL inertial
particles. In more detail, SRDyn implies that
mk(b)
√
|1− vk(b)2| = mh(b)
√
|1− vh(b)2|, (33)
where b is a possibly FTL inertial particle and k and h are (ordinary slower than light)
inertial observers. Equation (33) gives back the usual mass-increase theorem for slower
than light particles, and predicts that the relativistic mass and momentum of an FTL
particle decrease with the speed, see Fig.12.
Similar predictions on FTL particles appear in Bilaniuk-Deshpande-Sudarshan [9], Su-
darshan [34], Recami [28, 29], and Hill-Cox [19].
The results in [24] show that the construction we used here is the only possible way
for extending a model of relativistic dynamics with FTL particles if some natural basic
assumptions (such as conservation of relativistic mass and momenta) are assumed.
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